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1 Introduction 



This paper is about representations of toroidal Lie algebras and vertex op- 
erator algebras which are naturally associated to them. In fact, we find the 
picture is much like the case of the affine Kac-Moody Lie algebras, where, 
for quite some time now, VOAs have played an important role in the study 
of their representations. Indeed, this link with VOAs and affine Kac-Moody 
Lie algebras has been one of the driving forces for both the representation 
theory of these algebras as well as for the development of the theory of VOAs. 
Now toroidal Lie algebras are multi-variable generalizations of the affine al- 
gebras and so it is extremely natural to consider VOAs associated to their 
representation theory. In fact, roughly speaking, one obtains a toroidal Lie 
algebra associated to any finite dimensional simple Lie algebra over C, call 
it g, as follows. One tensors g with the Laurent polynomials in several, say 
N + 1 where N > 1, variables to get a "multi-loop" algebra and then takes 
the universal central extension of this algebra. Next, just as in the affine 
case, one adds some derivations. The result is a toroidal algebra. Here how- 
ever, the reader should understand that already this process is quite a bit 
more complicated than the affine case due to the fact the universal central 
extension will always be infinite dimensional as A + 1 > 2 and hence the 
derivation algebra we need to add will also be infinite dimensional. Letting 



1Z denote this ring of Laurent polynomials one knows, [JTTJ] , that the space 
of 1-forms modulo exact forms, we will denote this space by /C, needs to be 
added to g <8> 1Z to get the universal central extension and that the algebra 
V* which we need to add is a subalgebra of Der (11). Thus, our toroidal Lie 
algebra looks like 

q®K®1C®V*. (1.1) 

In the first section of this paper we will define all of this rigorously. Here, 
we want to mention that, in fact, there is a possible cocycle 

t : V* x V* -> K, (1.2) 

which enters into the definition of the toroidal algebra. Thus, we denote the 
resulting toroidal algebra by 

q t = g®1Z®IC®V*. (1.3) 
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In our set-up these possible cocycles come from a 2- dimensional space and 
hence parametrize the class of toroidal algebras which we will work with 
here. One of these cocycle was first discovered in |J where the authors 
gave a representation, via vertex operators, for one of the algebras, q t . This 
cocycle was produced by the representation itself and the authors of this 
work did the appropriate computations necessary to see exactly what this 
cocycle was when a particular algebra of derivations, V*, was used. This has 
influenced the entire theory as right from its start both vertex operators and 
cocycles were present. 

In the work || the author gave what could be called the principal real- 
ization by vertex operators for this same toroidal algebra with the cocycle 
discovered in [^]. This time the associated representation was irreducible and 
the space of the representation, the so-called Fock space, was just a ring of 
Laurent polynomials in N variables tensored with a symmetric algebra in 
infinitely many variables. The work ||, building on || as well as on ||. [12 



produced infinite families of irreducible representations for all of the algebras 
q t . Moreover, these representations have finite dimensional weight spaces 
relative to a natural Cartan subalgebra of the toroidal algebra g, and besides 
this, they are as faithful as is possible. What this means is the following. 
The toroidal algebra has an N + 1 dimensional centre (most of the elements 
from K, do not remain central when D* is added) and so in any representation 
which is irreducible and has finite dimensional weight spaces one must have 
a kernel which is at least N dimensional by Schur's Lemma. The repre- 
sentations constructed in have kernels which are exactly N dimensional. 
Thus, they are as faithful as they possibly can be. We proceed to describe 
them in a little more detail here. 

Let V = /C © T>* and let W be any finite dimensional g^-module. Next, 
let T(W) = TZn © W where TZn is the ring of Laurent polynomials in iV 
variables. Then, as seen from 0, [12]], T(W) becomes a module for Der(7£jv). 
This so called tensor module corresponds geometrically to the action of vector 
fields on tensor fields by the Lie derivative. Now V has a natural Z gradation 
which corresponds to the first variable, t in the natural 7L N+X -gradation of 
V and hence this allows us to write 

V = V_ © V © V+ (1.4) 

where Vo is all elements of degree and V+ (respectively V_) is all elements 
of positive (respectively negative) degree. Now it is not hard to see that 
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Vo acts on T(W) and this introduces a scalar c, called the central charge, 
into this construction. Moreover, it is true that T(W) is an irreducible Vo 
module provided only that W is an irreducible qIn module and c 7^ 0, see |2| 
Proposition 2.25. Just as in the case of affine Kac-Moody Lie algebras one 
forms the V module 

U(W,c) = lndl +(BVo T(W) (1.5) 

(these modules were called M(W, c) in @). 

It is not hard to see that this V module has a unique submodule inter- 
secting the top T(W) trivially and if W is chosen to be irreducible then 
the corresponding quotient module, denoted L(W, c), is irreducible and has 
finite dimensional weight spaces (see 0, Theorem 4.9). The finite dimen- 
sionality is quite non-trivial and is seen because of the notion of polynomial 
multiplication which is introduced in J|. 

In the final stage of this construction one needs to take the special deriva- 
tion algebra 

N 

p=i 

where d p denotes the degree derivation of 1Z corresponding to the pth variable 
t p but where any of the cocycles r are allowed. Then we tensor one of the 
modules obtained above for V with a highest weight module for the non- 
twisted affine Lie algebra associated to q. Here both modules must have the 
same central charges. We then obtain modules for the toroidal algebra g r 
which again, if our initial data satisfies that W is irreducible, c 7^ and the 
module for the affine algebra is irreducible, then yields an irreducible module 
for our toroidal algebra with finite dimensional weight spaces and which is 
as faithful as possible in the sense already described. 

In many ways the above picture resembles the representation theory of 
highest weight modules for the affine Kac-Moody Lie algebras and hence, it 
became clear that one should look for VOAs here as well. Looking at the 
representation given in one certainly expects an affine VOA, as well as a 
sub-VOA of a a hyperbolic lattice VOA to play a role here. There is also the 
possibility of duplicating the theory of affine VOAs as presented in [^, [TJ]] 
in this toroidal setting and in fact , in our first attempt we did exactly this. 
However, this approach only identifies some of the above modules as VOAs 
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and so does not at all address the possibility of giving realizations for these 
modules using VOA theory. This is in fact what we accomplish in this work. 
We are able to give VOAs V which appear as a tensor product of three fairly 
well-known VOAs and then we show that this VOA is isomorphic to one of 
the above irreducible toroidal modules. Moreover, just as in the affine case, 
we are able to show that the toroidal modules introduced in 0, will in fact 
be modules for this VOA. Since the characters of the three pieces in our 
realizations are already known, it becomes clear that the characters of the 
modules from are just products of these known characters. 

We next describe the three types of VOAs which will make up V. Here 
we only describe these VOAs roughly but later in the body of the paper 
we shall develop precise notation for all of them. Let g be the untwisted 
affine algebra, with central element denoted ko, built on g and let V? be the 

Verma VOA associated to g (V> is a generalized Verma module for g) with 
central charge c. Here we assume c / -/i v where h v is the dual Coxeter 
number of g. Then one knows that the quotient module Is> is an irreducible 

highest weight module of g. Next, let Lot be the hyperbolic lattice with 
basis {a p ,b p \l < p < N} where the a p s and b p s span isotropic subspaces 
and satisfy (a p , b q ) = 5 p ^ q . We let Vhat be the lattice VOA associated to this 
even lattice. Then we have 

V Lat = S H ®C[Lat), (1.7) 

where Sh is a symmetric algebra and C[Lat] is a twisted group algebra of 
the group algebra of Lot. We then let 

V+ t = S H ® C[Lat+] (1.8) 

be the sub- VOA associated to the isotropic subspace, Lat + , of Lot spanned 
by the elements a p , 1 < p < N. Our third VOA is associated to the Lie 
algebras gl N which we take to be the direct sum of sl^ with the central 
element Ci and a Heisenberg Lie algebra, Hei generated by the identity 
matrix and the central element C*2 so that 

Hei = I ® C[t , tQ 1 ] © CC 2 . (1.9) 

Then the VOA associated to this algebra gl N is taken to be the tensor product 
of the Verma VOA associated to the affine Kac- Moody Lie algebra si n with 
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the simple Heisenberg VOA associated to the Heisenberg algebra Hei above. 
We denote the first of these by V~ t and the second one by L Hei . Thus, we 
are letting 

V~ g i N = V~ slN ®L HeU (1.10) 

be the VOA associated to the algebra gl N . Then our VOA V is given as 

V = V l ®V+ at ®V dlN . (1.11) 

Actually, because of the various choices for central charges, namely c, c\,C2 
from above, we obtain a family of VOAs. Moreover, we will show that C\, C2 
correspond to different choices of the cocycle r, while c determines a cocycle 
associated with the action of the Virasoro algebra on V. All of this is ex- 
plained later in the paper when the proper notation and results have been 
established. 

The proof of our result depends on carrying out certain computations in 
the VOA V. What we need to do is to define the proper vertex operators, 
Y(v, z) for certain v G V which will be the images of the specified generating 
fields of the toroidal algebra, and then to show they satisfy the same commu- 
tation relations. This involves some fairly delicate computations, but these 
computations are straightforward enough for those well versed in VOAs. Af- 
ter this is done, the way is clear to show that modules for the VOA V 
correspond to modules for the toroidal algebra g T and to then explain how 
the fairly well-known irreducible modules for the VOAs involved provide a 
model for the modules from 0. It is really only in this last part that a good 
knowledge of is necessary. We have recalled here, in this Introduction, 
much from that work only to show what our motivation for the present work 
is. 

In the second section of this work we give the definition of the toroidal 
algebras as well as the cocycles r. We then present the generating fields 
which we use and display their commutation relations. One of these fields 
K (m,z) is special and it has conformal weight different from that of the 
other central fields. We close this section with a simple Lemma which allows 
us to conclude certain commutation relations hold once we know that some 
others do. This lets us cut down on the amount of computation we must do. 

In the next section we begin by recalling the definition of a VOA. Here, 
we are dropping the requirement that the grading consists of finite dimen- 
sional homogeneous spaces but we do require all other axioms. But note that 
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when we identify the modules from [[| we will know that then the homoge- 
neous pieces involved do have a T/ 1 gradation which has finite dimensional 
homogeneous spaces. We then go on to discuss the particular types of VOAs 
we need. As above, these include affine VOAs, lattice VOAs, and Heisenberg 
VOAs. Most of this material is by now quite well known, so we are brief, and 
only develop the material to the point where we have enough notation and 
information to accomplish the computations which we do in the following 
section. 

The fourth section is the heart of the paper and here is where we present 
the details of our computation. We must check the various commutation 
relations case by case. We do this in such a way so as to give the reader 
a feeling for working with the various VOAs involved and to show how the 
various pieces from the tensor product of our three VOAs fit together to 
produce the toroidal algebra. Almost everything important that is taking 
place here is involved with negative powers of z so we often just work with 
the "anti-holomorphic" part of our series. We indicate this when we do this. 
After accomplishing this we go on, in the final section , to tie up our results 
to the modules from [[| . We point out how irreducible modules for our VOA 
V coincide with irreducible modules for q t . 

We close this introduction with several remarks. First, we want to men- 
tion that there is another very nice and quite different work by K. Saito and 
D. Yoshii on toroidal algebras and VOA's, [16]. They work with a lattice 
VOA attached to the full hyperbolic lattice and use the realization given in 
P, §]. They then look at a certain Lie algebra attached to this VOA, namely 
the VOA factored by L{— 1) of it, and find the toroidal algebra is isomorphic 
to a subalgebra of this Lie algebra. They do not use any derivations of the 
toroidal algebra and so just work with the algebra q ® 1Z © K. One feature of 
their work is to give different descriptions of the same toroidal Lie algebra. 
The second remark we want to make here is that the part of our VOA V 
associated to gl N may seem a bit mysterious to some. It was in the insightful 
work of T. Larsson [12, [13] that this part seems to have been first understood. 
This insight of Larsson was built into |2j since, at the very beginning of the 
construction there, one begins with a finite dimensional gl^ module. This 
then naturally leads to the VOA . 

Regarding the references to a fast growing literature on VOAs we mention 
only those which we used directly in this work, to wit, the references JF]. || 



|H] , |I5] were all quite helpful to us at various stages of this work and served 
as our basic sources for information on VOAs. In addition, the course given 
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at the Fields Institute by Chongying Dong during the fall term of 2000 was 
extremely valuable to all three of us. 

While working on this project the authors greatly benefited from many 
very helpful discussions with both Chongying Dong and Yi-Zhi Huang. This 
project certainly benefited from their help, encouragement, and insights, and 
the authors want to take this opportunity to offer thanks to them for this. 

2 Toroidal algebras 

For information and notation on toroidal algebras we will follow the work 
[J2J. However we recall what we need here. 

Let N > 1 be an integer and let 1Z = C[£q 1 , tf 1 , t^] be the ring of 
Laurent polynomials in N + 1 variables over the complex field and let q be a 
finite dimensional Lie algebra over C. We let /C = Q^/ d7Z be the space of 1- 
forms modulo the exact forms. For notation we let fdg denote the element of 
/C corresponding to the pair of elements /, g from 1Z. We let fcj = t~ 1 dt i .Then 
we have that K, is spanned by elements of the form t m hi where m £ Z Ar+1 , 
< i < N . Here we are using for notation that t m = t^t™ 1 . . . t^ N where 
m = (mo, mi, ...,i71n) £ Z +1 . The relations staisfied by these elements are 
that 

N 

^m p t m A; p = 0, meZ N+1 . (2.1) 

p=0 

The space /C is important for giving the universal central extension of the 
Lie algebra q ® 71, where the bracket in q ® 1Z © /C is given by 

[9i ® fi(t),g 2 ® / 2 (*)] = [9i,92] ® (A/ 2 ) + {9u92)hd{h), (2.2) 

where (•, •) is a symmetric non-degenerate invariant form on q normalized by 
(9, 6) = 2, where 6 is the longest root of q. 

In agreement with the afline case, we add certain outer derivations to this 
algebra. More precisely, we consider the following algebra of derivations: 

N 

V* = J2 7Zd P> ( 2 - 3 ) 
p=i 
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where dj = tj-J=j-. The derivations of 1Z naturally extend to derivations of 
the Lie algebra g © 1Z. Since the above algebra, g <g> 1Z © /C, is the universal 
central extension of g © TZ we can lift these derivations to this universal 
central extension by using a result of Benkart-Moody [|IJ, which says that 
every derivation of a perfect Lie algebra uniquely extends to a derivation of 
its universal central extension. The action of T>* on g © TZ © /C is given by 

[t m d j ,g®t T ]=r j g®t ni+r , (2.4) 

TV 

[t m d v fki] = rj t m+r ki + Sji m p t m+r k p . (2.5) 

p=0 

The first formula corresponds to the action of vector fields on functions, while 
the second is the Lie derivative action of vector fields on 1-forms. 

The formulas (|2.4j ) , (|2.5|) identify the bracket in T>* only up to a K.- valued 
2-cocycle r e H 2 (V\1C): 

{t m di, fdj] = r i t m+T d j - mjt^di + r{t m d u t r dj). (2.6) 

We will use a two-dimensional space of cocycles as in 0] (see the remarks 
between (2.12) and (2.13) there). It is spanned by the two cocycles 

TV TV 

n(t m di, t r dj) = mjTi r p t m+r k p = -m^ ^ m p t m+r k p , (2.7) 

p=0 p=0 

and 

TV TV 

T 2 {t m di, fdj) = niiTj r P t m+r k p = -TJHTj m p t m+r k p . (2.8) 

p=0 p=0 

Thus we obtain a two-parametric family of algebras g = g r = g©7?.©/CffiP*, 
where the cocylce in (2^) is a linear combination of (2/7) and (2J3): r = 
fjLTi + UT2- A consequence of the fact that the action ( |2.5| ) of V* on K is non- 
trivial, is that the center of the algebra g <S> TZ © /C © V* is finite-dimensional 
and is spanned by k , ki, . . . , k^. 

As in the affine case, we can also consider a semidirect product of g with 
the Virasoro algebra 

Vir = C[t , t^jdo © CC Vir . (2.9) 
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The Lie bracket in the Virasoro algebra is given by the well-known formula 



[«,«H(m-n)t; 



n+rn 




d + 



n 3 — n 



12 



-8 



Cvir 



n,—m^ y Vir 



(2.10) 



and the element Cyir is central. 

The action of Vir on q ® 71 © /C is given by (|2.4j) , ( |T5|) , where we let 
j = and t m = t™, while the action on 7)* is similar to ( |2.6| ), only we use a 
different co cycle: 



[#do, t m di\ = m tlt m di - fmnn(n + l)t%t m k , p e C. 



f2.11^ 



This new cocycle emerged from the representations of g © Vir that we study 
below. Later we will see that we need to specify an exact value of p and this 
will depend on the particular value of the central charge we are using. 

We next introduce the following formal fields in (q © Vir) [[z, z -1 }] whose 
moments together with Cyir span q © Vir. Notice that in the single field 
K Q (m, z) below the coefficient of involves P +1 while in all other fields 

it only involves P. It turns out that this is important when we begin to line 
up our fields with elements in a VOA as it is tied up with the conformal 
weights, (see our comment below). 



g{m,z 
K (m,z 
K s (m,z 
D s (m,z 
Liz 



J29®tit m z-3-\geg 



J24t m k z- j 

J2tit m k s z- J -\ l<s<N 
j 

J2tit m d s z~ 3 ~\ l<s<N 
j 

j 

Here and in what follows, m e Z N and t m = t™ 1 . . . t™ N . 

The Lie algebra structure of g © Vir is encoded in the following relations 



(2.12) 
(2.13) 
(2.14) 
(2.15) 
(2.16) 
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for the above fields: 

N 

KJm. 7.) = ' 

dz 



-^-K (ui,z)=J2 m P K p( m ^) ( 2 - 17 ) 
P =i 

N 



\g 1 (m,z 1 ),g 2 (T,z 2 )] ={\g 1 ,g 2 ](m + r,z 2 ) + (g 1: g 2 )J2m p K p (m + r, z 2 )}z 1 1 5(— ) + 

P =i 

(^^(m + r,^ 2 ^-) (2.18) 

^(m,^),^^^)]^ (2.19) 
[K i (m,z 1 ),K j (T,z 2 )]= (2.20) 
[D a (m, Zl ),g(T,Z2)]= r s g(m + r,z 2 )z^S{-) (2.21) 

[Liz^g^z,)] = (^(m,^))) ^(|) +^(m,z 2 )^ (1) (|) 

(2.22) 

[L> s (m, K (r, z 2 )] = r s K (m + r, ^)^r^(-) (2-23) 

Z\ 
N 

[D 8 (m, Zi), K q (r, z 2 )\ ={r s K q (m + r, z 2 ) + 5 SA V] m p ^ p (m + r, z 2 )}^r 1 5( — ) 

+ <^X (m + r, Z2 ) z - 2 5^(^) (2.24) 

zi 

[L( Zl ), K (m, z 2 )\ = (^(K (m, z 2 ))^ z~ l 5{^-) (2.25) 

[L( Zl ),K s (m,z 2 )} = (^(K s (m,z 2 ))) z -^fi) + K s ( m ,z 2 )z^fi) 
\dz 2 J zi z x 

(2.26) 

[D s (m, z^, D q (r, z 2 )\ ={r s D q (m + r, z 2 ) - m q D s (m + r, z 2 )}z^5(— ) 

Zl 

N 

- (fir s m q + vr q m s ) m p K p (m + r, z 2 )z{ 1 S(— ) 

i z i 
p=i 

- (i2r s m q + ur q m s )K (m + r,z 2 )z^ 2 5 (1) (—) (2.27) 

Zi 
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[L{zi), D s (m, z 2 )\ = -£-(D a (m, z 2 ))z^5(^) + D.(m, z 2 )z^5^\^) 

OZ 2 Z\ Z\ 

+ fmi s K Q ( m ,z 2 )z^5 (2 \^) (2.28) 

Zl 

[L(zi),L(z 2 )} = (^-(L(z 2 ))) z^6(^) + 2L(z 2 )z^ 1 \^) + 

\OZ 2 J Z\ Zi 

^^ (s) (|) (2.29) 

where 1 < s, q < N, < i, j < N, m, r e and 5^(2) is the n-th derivative 
of the delta series 5(z) = J2jez z3 ■ 

Next we list the conformal weights of all the fields involved. We recall 
that the conformal weights are defined relative to the operator 1/(0) which 
appears in the Virasoro field: 



L(z) = J2 L{ 



n) Z - n ~ 2 



by declaring that the local field b(z) has conformal weight A if 

[L(0),b(z)] = (z^- + A)b(z). (2.30) 

Since the field L(z) satisfies the Virasoro commutation relations we will use 
the coefficient at the —2nd power of z in the expansion of L(z). Thus to 
read off the conformal weights so defined from (|2.25| ), ( |2.26|) , we extract 



the coefficient of z-f 2 . We obtain that K Q (m, z) has conformal weight 0, 
D s (m, z), K s (m, z), g(m, z) have conformal weight 1 while L(z) has confor- 
mal weight 2. 

In order to prove that a map : g — > End(V) is a representation of g, 
we would need to verify that the relations (|2.18[ )-( p.29 ) hold in End(V). We 



note that (f2~23|) - (^26|) follow from (pl8l)- (|232D since a derivation of a Lie 



algebra is uniquely determined by its action on the generators, and the space 
g®7£ generates the algebra g®7£©/C. To make this more rigorous, we prove 
the following simple Lemma: 

Lemma 2.1 Let <fi : G —>■ End(V) be a representation of a Lie algebra G 
and d be a derivation of G. Let the subspace X C G generate G as a Lie 
algebra. If d! G EndV satisfies (p o d\ x = ad(d') o <p\ x then 
(1) <p o d = ad(d') o cf) on G and 
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(2) The representation <p can be extended to a representation of a semi- 
direct product cf) : G © Cd — > End(V) by <fi{d) = d' . 

Proof. Since X generates G as a Lie algebra, every element g G G may 
be written as g = Yl s l u si v f>] + w i where u s , v s , w E X. Then 

<p{d(g)) = (f> ^y2[d(u s ), v s ] + [u s , d(v s )] + d(w) 
J2W(u s )),(f>(vs)} + [0(« s ),0(^ s ))] + 0(dH) = 
5^[ad(cf)0(ii a ),0(t;,)] + [(j>{u s ),ed{d')(f>(v s )) + ad(df)<p(w) = ad{d')4>(g). 

s 

This proves (1), while (2) immediately follows from (1). 




3 Vertex operator algebras 

We begin by reviewing some basic facts about vertex operator algebras 
(VOAs) and begin by recalling the definition. For notation, we follow |7J, 

I- 

Definition 3.1 A vertex operator algebra is a 4-tuple (V,Y,1,uj) where V = 
©nezKi is a Z-graded vector space equipped with a linear map 

V -> {EndV)[[z,z~ 1 }} : 
v — > Y(v,z) = t> n ,2~' 1 ~ 1 , v n G End V 

and two distinguished vectors 1 and uj G V satisfying the following conditions: 

u n v = 0, for n » and u, v G V arbitrary, (3.1) 
Y(l,z) = Id (3.2) 
Y(v, z)l G V[[z]] and v_ l l=v (3.3) 

z -i S (*^)Y(v, Zl )Y(w, z 2 ) - z 1 5(^^)Y(w, z 2 )Y(v, Zl ) 

= z^" 1 5(— -)Y(Y(v, zq)w, z-i) (Jacobi identity), (3.4) 

V n = {0}forn«0 (3.5) 
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where as usual 5(z) = ^2 n€Z z n and where all binomial expressions are to 
be expanded in nonnegative powers of the second variable. The following 
Virasoro algebra relations must also hold: 

1 

[L(m), L(n)] — (m — n)L(m + n) + — (m — m)d~ m+nt o(rankV)Id, (3.6) 
where m,n 6Z, rankV E C, L{n) = 0J n +\ so that 



Y(u,z) = E^~ n_1 = J2 L{ 



n)z~ n - 2 



and 

L(0)v = nv, for v G V n (3.7) 

±-Y(v,z) = Y(L(-l)v,z). (3.8) 

az 

This completes the definition. By the above mentioned usual conventions we 
have that the three-variable delta function is given by: 

= E *b"(*i - = E E(-!) fc (t) z ^~ kz * ^ 

n&L rieZ k&\ ^ ' 

Note that the above is not quite the definition of VOA as found in |7J or 
|| as we have not required that the spaces V n be finite dimensional. This 
causes no problems in what follows and it is well known that most of the basic 
results in the theory of VOAs remain true without this extra hypothesis. 

The following important commutator formula is a consequence of the 
Jacobi identity: 



[Y(u,z l ),Y(v,z 2 )} = Y,^U 1 ( 



(> ) ) Yiu„v.:, 2 ). (3.10) 



dz 2 J \zi 



Now we review the construction of the tensor product of VOAs that will 
be useful to us later. 
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Definition 3.2 Given finitely many vertex operator algebras 

(Vi, Yi, li,o>i), (K, 

we call 

V = V 1 ®---®V n (3.11) 

the tensor product of vertex algebras V\, V n provided 

Y(v 1 ®---®v n ,z)=Y 1 (v 1 ,z)®---®Y n (v n ,z), ViEVi (3.12) 
l=li<g>---l„ (3.13) 
u = ujx ® 1 2 ® • • • l n H h li (8 • • • ® l„-i <8> ^„ (3-14) 

Then the following theorem holds 

Theorem 3.3 The tensor product V of the vertex operator algebras 

(Vi,Yi,l 1) k'lj )) (^n? Yi? In; ^n; ) 

is again a vertex operator algebra. The rank ofV is equal to the sum of ranks 
of the Vi 's. Moreover V is a tensor product of Virasoro algebra modules. 

We next go on to review some particular VOA's. We begin with a lattice 
VOA and its subVOA which we need. 

Lattice vertex algebras 

Let Lot be a free abelian group on 2N generators {a i: h : 1 < i, j < N} We 
give Lot the structure of a lattice by defining a symmetric bilinear form: 

(., .) : Lot x Lot — >Z by 

(a h bj) = (a h bj) = (a h bj) = 5 i:j (3.15) 

Note that the form (., .) is non-degenerate and Lot is even, that is (x, x) G 2Z. 
The construction of the VOA associated to Lat proceeds as follows. 
First we consider the complexification of Lat: 

H = Lat ® z C, 

and extend (., .) by linearity obtaining a non-degenerate bilinear form on H. 
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We next "affinize" H as follows. Thus, we define a Lie algebra: 

H = H® c[t,r l ] ®CK 

with bracket: 

[x <g> f , y <g> = z(a:, y)8 i+j , Q K, [x <g> f , K] = 0. 

We denote by the symmetric algebra of the space /f ®t~ 1 C[t -1 ]. Thus 
writing a(n) for the element a ® t n for a G if, n G Z we have that 

Here, and throughout, we use pointed brackets, < > to denote the space 
spanned by the displayed vectors inside the brackets. 

We also need a twisted group algebra of Lot, denoted <C[Lat], which we 
now describe. For this we use a two cocycle 

e : Lat x Lat -> {±1} (3.16) 

which satisfies for all a, [3, 7 £ Lat 

e(a, /3)e(a + ft 7) = e(/3, T )e(a, + 7), (3.17) 

e(a,0) = e(0,a) = 1, (3.18) 

and 

e{a,/3)e(J3,a) = (-1) (q,/3) . (3.19) 

The twisted group algebra of Lat which we need will be denoted C[Lat] 
and it is spanned by elements e x with multiplication given by 

eV 3 = e{a,(3)e a+(3 . (3.20) 

We have C[Lat] =< e x ,x G Lat >. Then the space Vhat = Sh ® C[Lat] 
becomes the VOA attached to the lattice Lat. The details can be found in 
For example, we have 

[a p (n),b q (m)] = n5 Pj(] 5 n+mfi K, (3.21) 
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where K acts as 1. We will need an explicit form of u as well as L{— 1). With 
this in mind we briefly show below how these two elements are constructed. 
Let {ai, o:2n} be an orthonormal basis of H. We set 

1=1®1, (3.22) 
a(z) =J2®(n)z- n - 1 (3.23) 

2N 



^=^E^(- 1 ) 2 ( 3 - 24 ) 
k=i 

^ 2N 

Y(cu,z)=-J2--MzW(z)- (3-25) 



k=i 



Y(l <g> e a , z) = exp(^ ^ w) *" ) exp(- ^ ^Mf_) e ^« ( 3 . 26 ) 

n>l n>l 

where : : denotes the normally ordered product and e a acts by our twisted 
multiplication so that e a e /3 = e(a, j3)e a+l3 . Also z a e /3 = z^'^e^. In particular 
from (3.22) one obtains, by expanding in powers of z, that 

I 2N 

L{m) = - : ak(m — n)a fe (n) : m G Z (3.27) 

fc=l n£Z 

The rank of Vlo* is equal to 2N. 

One can give an explicit form of the map Y . Set 

d n =-^T (3-28) 
n! 

v=(3 l {-n 1 )..M-n k )®e a (3.29) 

Then 

=: {d ni . l f3 l {z)...d nk . l f3 k {z))Y{\® e a ) : (3.30) 

Consider the following sub-lattice Lat + of Lat where Lat + is generated by 
< <ii,i = 1, N >. We now define a subspace of Vl^ by saying 

V+ at = S H ®C[Lat + \. (3.31) 
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We are going to need the fact that V£ at is a sub-VOA of Vhat and so we now 
indicate why this is true. 

The fact that V£ at is a sub-VOA of Vhat will follow from us showing that 
if v G V^ at then the moments of the series Y(v, z) map V^ at to itself. Here 
the moments are just the v n 's where Y(v,z) = J2nez VnZ ~ n ~ 1 - However 
there are only three types of operators which act nontrivially on 1® C[Lat]: 
{a(0),a G Lat}, {z a ,a G Lat} and the multiplication operators {e a ,a G 
Lat}. From among them a(0) acts diagonally on 1 8 C[Lat], while z a acts 
trivially on 1® C[Lat + ] if a G Lat + . Finally, since Lat + is a sub-lattice the 
twisted multiplication operator e a maps 1 (g> C[Lat + ] into itself if a G Lat + . 
Finally, since ( 3.30Q contains products of these three types of operators and 



operators which act trivially on 1 <g> C[Lat] the fact that V£ at is a sub-VOA 
of Vhat follows. 

One can also give an explicit form of the map Y of this sub-VOA V^ at . 
Note that here, as usual, we are using the same symbol, Y, for both VOA's 
Vhat and V^at but this should cause no confusion. In fact, for v G V^ at we see 
that 

Y(v,z)=J2v n \ v+ z- n -\ (3.32) 

r Lat 



Since it is cumbersome to keep the notation for restriction we drop it and 
simply write 

Y(v,z)=Y,VnZ- n - 1 . (3-33) 



Then using the same notation as in (|3.30|) and assuming a G Lat + we get: 



Y(l ® e a , z) = exp(2_] — — ) exp(- Y (3-34) 

n>l 71 n>l 71 

Y(v,z) = : (d ni - 1 p 1 (z)...d nk - 1 p k (z))Y(l ® e a ,z) : (3.35) 



where now e a acts by a standard multiplication. Note also that since z a acts 
trivially on V^ at , it disappeared from the formula for Y{l®e a , z) (cf. (|3.26|) ). 

We also need the following notation as we will have need to deal with 
the vertex operators Y(l <g> e a ,z) with a = J2p=i m p^ v - Thus for m = 
(mi, m^r) G 1* N we let m • a = 5^ p =i m p a p- That is, we think of a as the 
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TV-tuple (ai, ajv)- Then we have that 

Y(l®(£Z=i m * a *,z) =Y{l®e m - a ,z). (3.36) 
Also, in keeping with this notation we also let 

N 

m • a(— 1) = y^m p d p (— 1). (3.37) 

P =i 



Affine vertex algebras 

For an affine VOA one lets g be any finite dimensional simple Lie algebra 
and we let (•, •) be an invariant symmetric non-degenerate bilinear form on 
g which is normalized so that (9, 9) = 2 where 9 is the longest root of g. We 
let 

g = g®C[t ,to 1 ] ®Ck (3.38) 

be the non-twisted affine Lie algebra associated to this data with multiplica- 
tion given by saying fc is central and 

[x ® t™, y ® t™] = [a;, y] ® t™ +n + m<W i0 (x, y)**,. (3.39) 

We write x(n) for the element a; ® tp- Let c be an arbitrary constant in C 
and let CI be the one dimensional module for q <g> C[t ] © C/c where g ® C[t ] 
acts as zero on CI and where A; acts as the constant c on 1. We form a 
generalized Verma module by letting 

V ° = V lc = Ind ic [to] e«o C1 ( 3 - 4 °) 

This module has a unique irreducible quotient module which we denote by 
L c = L^ c . Then it is well known 0, ]TJ| that as long as — h v then both 
V c and L c are VOA's. Here — h v is the negative of the dual Coxeter number 
of the Lie algebra g. 

We quickly review this so as to establish some notation. We work with V c 
first and define Y(x(—l),z) = J2nez x ( n ) z ~ n ~ 1 e End(V c )[[z, z~ 1 ]] and let 
D G Der(g) be given by [D,x(m)\ = —mx(m — 1), [D, k ] = 0. Then the set 

{Y(x(-l),z)\xeg} (3.41) 
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consists of mutually local fields satisfying ^Y(x(—l),z) = [D, Y(x(— 1), z)\ 
and so it follows that V c has the structure of a vertex algebra. Letting 
Xi, ...,Xd be an orthonormal basis of q we let 



d 

l 

U= 2(c+/i v ) 



]>>(-l) 2 . (3.42) 



i=i 

As usual we let Y(u>,z) = Ylm&L{n)z~ n ~ 2 and let 

(V c ) n = {ve V c \L(0)v = nv}. (3.43) 
Then we have V c = ® n ez(V c )n an d also 

k 

(V c ) n =< j/i(-ni) • • -2/ fc (— n fc )| = n,rii e N,y t G g > (3.44) 

i=i 

Then as long as c 7^ — /i v we obtain the VOA (V c , Y, 1, u). We denote its rank 
by r c and have that 

r.= ££f. (3.45) 

Finally, one knows that the usual radical of the module V c is an ideal of the 
VOA V c so we obtain the VOA L c as a simple quotient of V c . 

gl N vertex algebras 

The Lie algebra gl^ is reductive and decomposes into a direct sum gl^ — 
sZjy © CI. Let t/>i denote the projection on the traceless matrices and ip2 
be the projection on the scalar matrices in this decomposition. Accordingly, 
we define the affine algebra gl N to be a direct sum of the affine algebra 
sIn = sZjv(C[to, © CCi and a (degenerate) Heisenberg algebra Hei = 

/©qto,^ 1 ] ©ccv 

The Lie bracket in gZ^y is given by 

[gi © to> 92 © ^] =[<?i, <? 2 ] © 4 +j + ^,-^r(^i(gi)^i(^))Ci + 

iSi,-j(M9i),M92))C2, (3.46) 

where for the last term we will use the normalization (I, I) — 1. 
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However, if we fix the basis of gl^ consisting of elementary matrices, then 
the formula above will become 

[E pq <S> t l , E rs <S> t? ) =5 qr Ep S <8> t l 3 — 5 ps E r .q <g> t^ 3 + 

iSi-j (SgrSpsCi + +S P q5 rs ^-^| - jf^j (3.47) 

To construct a VOA corresponding to gl N , we will take a tensor product 
of a VOA for affine Lie algebra sIn and a Heisenberg VOA corresponding 
to Hei. We have just seen the construction of an affine VOA and hence 
we obtain a Verma VOA Ci and a simple VOA L~ 1n C1 for an arbitrary 
complex number C\ 7^ — N (the dual Coxeter number for sl(N) is N). Let us 
review the construction of the Heisenberg VOA. 

Let C2 be an arbitrary constant in C and consider a one-dimensional 
module CI for the subalgebra I ® C[t ]© < C 2 > where / ® C[t ] acts on 1 
trivially and C2 acts as multiplication by c%. 

If C2 7^ then the induced module 

IndS We <c 2 >Cl (3.48) 
has a structure of a VOA [10, 15], which we denote by L^- e j C2 . As a vector 



space, L Hei>C2 is isomorphic to the symmetric algebra S[I ® t Q C[t ]]• To 
construct the state-field correspondence Y, we take 

V(/(-l),^)=^/(n)z-«- 1 , (3.49) 

F(J(-j - 1),*) =i fAV (3.50) 



j! \cb 

^(/(-rn) . . . J(-n fc ), = : ^(/(-ni), z) . . . V(/(-n fc ), z) :, (3.51) 

where we again use the notation J(n) = J <8> to • 
The Virasoro element is given by to = ^I(-l) 2 . 

If C2 = then the induced module has a one-dimensional factor Ln e i,o — 
CI. The VOA Lnei,c 2 is simple and its rank is equal to 1 if C2 7^ and to 
if c 2 = 0. 

Finally, for a pair of complex numbers c±,C2, c\ 7^ —N, we define two 
VOAs for gl N as tensor products: 

V~, =V~, :=V-, ®L HeiC2 (3.52) 
L 9i N =L gi N ,c u c 2 ■= L 7i N , Cl ® £ff«Va (3.53) 
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Of course, both VOAs and are modules for the Lie algebra gl N . 



4 Toroidal VOAs 

Let c,Ci,c 2 be complex numbers such that c ^ 0,c ^ —h v ,ci ^ —N. We 
consider two tensor products of VOAs,V = V~ © VVt, © Vb „ „ and L = 
L^ c (£)V^ t (S)L~ z ci C2 with the following assignment of vertex operators, which 
is the same for V and L. We will take m e Z^, 1 < s < iV. Then we let: 



£T (m,z) ^cF(l®e m - a ® l,z) (4.1) 

AT 

D.(m, ^) © & s (-l)e ma © 1 + 1 © e ma © (J^ m p E ps {-l)), z) 

P =i 

(4.2) 

K s (m, z) ->cK(l © a s (-l)e m ' a © 1, 2) (4.3) 
#(m,z) ->y(^(-l) ©e m ' a © 1,2) (4.4) 
-^Y^ © 1 © 1 + 1 © uo 2 © 1 + 1 © 1 © u 3 , z) (4.5) 
Cvir — ¥ rank(L)zef, (4.6) 

w/iere rank(L) = cdim ffl + 2N + ~ ^ + rank(L Hei C2 ) (4.7) 

c + /i v Ci + iv 

We will denote by Y^i = 1,2,3 the restriction of the state-field map Y to 
the first, second, and third factor respectively in the tensor product. 

Theorem 4.1 Under the correspondence ( |4.l| )-( JL"7D , both V and L are mod- 
ules for the Lie algebra q t © Vir = g©7?.©/Cffi£>*© Vir, where r = //Ti + vt 2 

TOi/j /i = — ^r 1 , ^ = - ^ and p — ^. Moreover, Cyir equals rank(L) as 
given by 



Proof. 

The proof is identical for V and L, so we will carry it out for V. Our first 
claim is that 

d N 

— Y(l © e ma © 1, z) = ^ m p Y(l © a p (-l)e ma © 1, z) (4.8) 

p=i 
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It suffices to prove this claim for Y 2 . From the VOA axioms we have 

^-Y 2 (e ma ,z) = Y 2 (L(-l)e m -»,z). (4.9) 

To compute L{— l)e m ' a we observe that 

L(-l)e ma = lim[L(-l),y 2 (e ma ,w)]l = 

w— >0 

lim -^-Y 2 (e m - a ,w)l (4.10) 

^From (|3.26|) we obtain Y2p=i ^i p a p (— l)e m a for the limit and the claim fol- 
lows. 

In order to prove that V is a module for the toroidal Lie algebra, we need 
to show that the relations [2.18| - [2.29| hold in End(V A )[[z, z -1 }}. We begin with 
the commutator corresponding to (|2.18| ). 

The first step here is to verify all commutators involving the affine part. We 
observe that we can ignore the the third factor in the tensor product. So 
we will suppress the third factor and will restore it only in the final answers. 
First, in our affine VOA we have the following relation: 

[Y 1 (g 1 (-1), z x ), Y 1 {g 2 {-1), z 2 )} =Y 1 ([g 1 , g 2 ](-l), z 2 )z^5( Z -) + 

z i 

z^(g u g 2 )c^8(^) (4.11) 

OZ 2 Z\ 

Using this we get 
[YM-1), Zl ) ® F 2 (e m - a , Zl ), YM-1), z 2 ) ® F 2 (e ra , z 2 )} = 

{Y 1 ([g 1 , g 2 ](-l), z 2 )z^5C-) + z^( 9l , g 2 ) c ^-5{^)} ® F 2 (e m a , z^Y^e™, z 2 ) 

Zx OZ 2 Z\ 

Y 1 ([g 1 ,g 2 )(-l),z 2 )®Y 2 (e^>*,z 2 )z; 1 6(^) + 

( gi ,g 2 )z^c^5(^)^Y 2 (e ma ,zi)Y 2 (e r - a ,z 2 ) (4.12) 

OZ 2 Zi 

The second term above can be dealt with using properties of the 5-function, 
yielding 

[Fi(<7i(-1), z x ) ® F 2 (e ma , Zl ), Y x {g 2 {-1), z 2 ) ® r 2 (e r ' a , z 2 )] = 



{Yi([gi,g 2 ](-l),z 2 )®Y 2 (e^ a ,z 2 ) + ( 9l , g 2 )cl ® F 2 (m • a(-l) e ( m+r > a , z 2 )}z^5(^) + 

Zl 

(g u g 2 ) z ^cl®Y 2 (e^ a ,z 2 )^6fi) (4.13) 

OZ 2 Zi 
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which, in turn, implies 

[Y( 9l (-1) <g> e ma <g> 1, Zl ),Y 2 (g 2 (-l) <g> e ra ® 1, z 2 )] 



{Y([ gi , g 2 ](-l) ® e ( m+r )' a ® 1, z 2 ) + ^ 2 ) C y(l ® m • a(-l)e( m+r )- a ® 1, z 2 )K^(-) + 

Zi 

Oft, 92)zT 1 cY{\ ® e {m+r ^ ® 1, z 2 )-^-5C-) (4.14) 

CZ 2 Zi 

thus reproducing ( |2.18| ). 

To establish |2.20| we note that the operators Y 2 (e ma , z) and Y 2 (a s (— l)e m ' a , z) 
correspond to elements from the totally isotropic subspace in Lot and thus 
all commute. This also implies that 

[n(<?(-l), zi) ® V 2 (e m - a , ® 1, 1 ® F 2 (e r - a , z 2 ) ® 1] = (4.15) 

and 

*i) ® F 2 (e ma , z x ) ® 1, 1 ® r 2 (a s (-l)e r - a , z 2 ) ® 1] = 0, (4.16) 

which establishes Q2.19 ). 

We turn to verifying ( 12.211) . We start with 

TV 

[1 ® F 2 (6 s (-l)e m - a , Zl ) ® 1 + 1 ® F 2 (e m ' a , z x ) ® F 3 (^ m p £ pa (-l), Zl ), 

p=i 

n(^(-l)^2)®^(e r - a ^2)®l] = 

Yi(</(-l), z 2 ) ® [F 2 (6 s (-l)e m - a , Zl ), F 2 (e r - a , z 2 )] ® 1 

We compute the commutator [Y 2 (e r ' a , z 2 ), Y 2 {b s {— l)e m ' a , Z\)] using the 
commutator formula ( 3.10Q : 

[y2(e r - a ,22),F ;! (W-l)e m - a ,Ji)] = 

gK^O"Kl)) y(er,( " ,6 - ( - i)em " Vi) - (417) 

The terms er a 6 s (— l)e m ' a , n > 0, are given by the antiholomorphic part of 
Y" 2 (e r ' a , z)b s (— l)e m ' a . Here is what we mean by this. For an arbitrary ex- 
pression x(z) = J2kez x k zk e End(V)[[z, z' 1 }}, we denote its antiholomorphic 
part Ylik<a x k zk by x(z)~. Since 

F 2 (e r ' a , z)b s (-l)e ma = [F 2 (e r a , z), 6 s (-l)]e m ' a + b s (-l)Y 2 (e ra , z)e ma 

(4.18) 
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and the antiholomorphic part of the last term is 0, while the commutator in 
the first term can be easily computed using the explicit expression ( |3.26| ) for 

Y 2 (e ra ,z): 

[Y 2 (e r - a ,z),b s (-l)} = - r -±Y 2 (e r - a ,z), (4.19) 

we get that 

(r 2 (e r ' a , z)bJ-l)e ma y = f--Y 2 (e ra , z)e ma ) ~ = _^ e (m+r) - a . (4.20) 

V z J z 

This means that e( a 6 s (-l)e m a = _r se ( m + r ) a an d e^ s (-l)e m ' a = for n > 
0. Substituting this into (|4.17| ) we obtain the desired commutator relation 

CT) = 

N 



[Y(l ® 6 s (-l)e ma ® 1 + 1 ® e ma ® (^ m p E ps (-l)), zi), K(</(-l) ® e ra ® 1, z 2 )} 

p=i 

r^"^ ^ ri(<K-l), * 2 ) ® y 2 (e (m+r) ' a , Zl ) ® 1 = 

r s zr^ f ® e (m+r) - a ® 1, za). (4.21) 
We turn now to fl2.22| ): 

n>0 v 



^ s(-))Y (u n (g(-l) ® e ma ® 1), z 2 ) . (4.22) 



^2/ \Zi 



Using the general formula for the weight of the n-th product in a VOA 

wt(u n v) = wt{u) + wt(v) — n — 1 (4.23) 

and using the fact that wt{u) = 2 and wt(g(—l) <8> e m a ® 1) = 1 we see that 
u n (g(— l)®e m * a ®l) = for n > 3. We thus need to compute u n (g(— l)e m ' a ® 
1) = L(n - l)(g(-l) ® e m a ® 1), for = 0, 1, 2. 

Observing that L(0)v = nv for v G K„, and taking into account that 
wt(g(-l)®e m - a ®l) = 1, we get L(0)(#(-1) ® e ma ® 1) = #(-1) ® e ma ® 1. 

For L(— 1) we use the relation Y(L(— l)v,z) = -^-Y(v,z). 
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To compute the term with L(l) we consider 

L(l)(g(-1) ® e ma ® 1) =(L(l)</(-l))l ® e ma ® 1 + ® L(l)e ma ® 1 

^(-l)®e m,a ®L(l)l. (4.24) 

However all three terms here are zero. The last two terms vanish because 
of ( f4.23p , while for the first term we use the following relation in the affine 
VOA: 



[L(n),g(k)] = -kg(n + k), for g G 0, 

which gives [L(l), g(-l)]l = #(0)1 = 0. 
Summarizing, we get the relation ( 2.22|) : 



(4.25) 



[L{ Zl ), Y{g{-1) ® e ma ® 1, z 2 )] =^Kj) {j^(g(-l) ® e m a ® M 2 ) ) + 

_! / 9 \ -.«2 



f . 5(-)F(s(-l)®e m - a ®M 2 ). 

CZ 2 / 

(4.26) 

By Lemma (|2.1|) , the relations Q2.23| ) - (|2.26|) follow automatically from 
the ones we just established. 

To verify ( |2.27| ) we write out the whole commutator: 

N 

[i ® r 2 (6 s (-i)e m - a , Zl ) ® i + 1 ® r 2 (e m ' a , ^0 ® r 3 (^ ro;*W-i), ^), 

P =i 

TV 

1 ® r 2 (^(-l)e r - a , * 2 ) ® 1 + 1 ® F 2 (e r - a , z 2 ) ® F 3 (^ r fcJ B feg (-l), ss)] = 



fc=l 



1 ® {Y 2 (b s (-l)e m - a , Zl ),Y 2 (b g (-iy a ,z 2 )] ® 1 



A' 



1 ® [F 2 (6 s (-l)e m - a , F 2 (e r - a , z 2 )] ® F 3 (^ ^(-1), z 2 ) + 

fc=i 

AT 

1 ® [r 2 ( e m - a , zx), F 2 (6 9 (-l)e r - a , z 2 )] ® F 3 (^ m p E ps (-l), Zl ) 

P =i 

N N 

1 ® F 2 (e m - a , Zl )Y 2 (e r - a , z 2 ) ® [Y 3 (^ m p £ ps (-l), F 3 (^ r k E kq (-l), z 2 )], 



k=l 
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where in the very last line we used that [F 2 (e m ' a , zi), Y 2 (e r ' a , z 2 )} = 0. To com- 
pute the first commutator above we will need (Y 2 (b s (— l)e m ' a , z)b q (— l)e ra )~ 
We claim that 

(Y 2 (b s (-l)e ma ,z)b q (-iy a r = 

1 1 N 1 

- m 9 6 s (-l))e( m+r) ' a - -r s m q ^ m p a p (-l) e ( m+r) a - -r s m q e^ m+r > a 



p=i 



(4.27) 



To prove this statement we write: 



(Y 2 (b s (-l)e ma ,z)b q (-iy a y = (: b s (z)Y 2 (e ma ,z) : 6 9 (-l)e ra )- = 
(b s (z) + Y 2 (e m - a , z)b q (-l)e r a l)- + (F 2 (e m - a , *)& s (z)-& fl (-l)e r - a l)- (4.28) 



Now the first term in ([4.28 



(b s (z) + Y 2 (e m - a ,z)b q (-iy a iy = 

(b s (z) + [Y 2 (e m - a , z), 6 g (-l)]e r a l)- + (b s (z)+b q (-l)Y 2 (e m - a , Z y a l)- (4.29) 
Since the second term is we get using ( f4.19| ): 

(^)+y 2 (e m - a , z)b q (-iy a iy = (&^)+[y 2 ( e m - a , z), b q (-i)y a ir 

fm q 



^b s (z) + Y 2 y a , z y a i) , (4.30) 

which in turn, after noticing that only lim^^ ^s(^) + = b s (— 1) contributes to 
the antiholomorphic part, gives 



(b s (z) + Y 2 y a ,z)b q (-iy a iy 



m q b s (-l)e( m+r > a 



(4.31) 



Likewise, to compute the second term in Q4.28Q , we make use of the commu- 
tator 



Mz)-,e r - a ] 



(4.32) 
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as well as of ( |4 .19 ): 



(Y 2 (e m -*,z)b s (z)-b q (-iy a l)- = (F 2 ( e m - a ^)6 9 (-l)^e ra l) 
^[Y 2 (e ma ,z)b q (-l)V a l)- + (^^(-l)r 2 (e m - a ^)e r ' a l)- = 



,r,m, 



Tsiriq r m+r ). a _ r s m q 



N 

E 



m p a p (-l)e (m+r) - a + -^(-l)e (m+r)a , (4.33) 



from which the ( |4.27 ) follows. 
Using (|4.32j ) we get 

(Y 2 (b s (-l)e ma ,zy a 
and, using (|4.19|) we get 

(Y 2 (e ma ,z)b q (-iy a y 

There is one more commutator, namely, 



e (m+r)a 



(4.34) 



m 9 e (m+r)a 



(4.35) 



N N 

1 ® F 2 (e ma , zi)Y 2 (e r - a , z 2 ) ® [F 3 (^ m p E ps (-l), Y 3 (J] r k E kq (-l), z 2 )] 

P =i 



k=l 



Using that V^n) is a gl(N) module we obtain 



N 



N 



[Y 3 (J2m p E ps (-l), Zl ),Y 3 (J2rkE kq (-l), Z2 )} 



p=i 

-1X^2- 



fc=l 



N N 

Zi 1 8(—){r s Y 3 (Y]mpEp q (-l), z 2 ) - m q Y 3 (Y]r k Ek s (-l), Z2 )} + 



P =i 



k=l 



(r s m q c 1 + r q m s (—--)) Zl —5(-) 

We compute the contribution of the very last term, leaving out the fac- 
tor r s m q c\ + r q m s (-^ — a), with the help of the identity Z \ X -^^{^ — 
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1 <g> Y 2 (e m a , Zl )Y 2 (e r - a , z 2 )z^—5(^) ® 1 = 
- 1 ® F 2 (e ma , Zl )Y 2 {e T - a , Z2 )z- l ^-8(^)® = 

UZ\ Z\ 

-1 ® (^-(r 2 (e m ' a , Zl )F 2 (e r - a ) ^K 1 ^-))) ® 1 + 
z^l ® F 2 (e r - a , z 2 )(^-y 2 (e m - a , *i))<f(-)) ® 1 = 

- 1 ® r 2 ( e ( m+r )- a , z 2 )z 2 l —8{^) ® i + 

C/Zi Z\ 



N 



z 2 l l ® F 2 (e r - a , z 2 ) Vm p r 2 (a p (-l)e m ' a , *i)<f(-)) ® 1 

i ® r 2 ( e ( m+r )- a , z 2 )z^—5{^) ® i + 



A? 



H ® Vm p F 2 (a p (-l)e (m+r) a , z 2 )<5(-)) ® 1 
P =i 



(4.36) 



Here we used the fact that Y 2 (e ra , z 1 )Y 2 (e m a , z 2 )z^8{^) = Y 2 (e^ m+r > a , z 2 )z^ l 5{^). 
For simplicity, we set 



N 



d.(m, z) = Y(l ® 6 s (-l)e m - a ® 1 + 1 ® e ma ® (^m p £ ps (-l)), *) (4.37) 

p=i 

Combining together flP7D , (jOg) , (|i~35D , (|4~36|) we get that 



[4(m, zi),d 9 (r, z 2 )] = 

{r s d 9 (m + r, z 2 ) - m g d s (m + r, z 2 ) + 



N 



r s m q (ci - 1) + r q m s 



Cl 


c 2 


iV 




Cl 


c 2 


iV 


AT2 



J> p Y(l 



p=i 



a p (-l) e ( m+r )- a ®l,z 2 )}^ 1 5(^) + 

-21 



r s m,(ci - 1) + r q m s - ^)) F(l ® e ( m+r > a ® 1, ^j^ 1 ^^) 



(4.38) 
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£1 _ c 2 

which coincides with ( |2.27| ) with \i = and v = - J^ 1 . 

To verify (|2.28 ) we need to inspect the following commutators 

iY 2 (u 2 , Zl ),Y 2 (b s (-l)e m -*,z 2 )} 
[Y 2 (LU 2 , Zl ),Y 2 (e m - a ,z 2 )] 

N 

[Y 3 (uj 3 , zi), Y 3 (^2 m p E ps (-l), z 2 )} 
P =i 

In all three cases the verification is similar to ( |4.22|) . We use the fact that 
the weight of b s (— l)e ma and E ps {— 1) is one, and is zero for e ma . The results 
for the anti-holomorphic parts have the same form in all three cases 

z z z Z A 

and in a way analogous to the computation for (}4.22|) , we obtain 

I ! TV) 

(Y 2 (u;,z)b s (-l)e ma )- = -L(-l)6 s (-l)e m - a + -6 s (-l)e m ' a + ^e ma , 

z z z z 6 

(y 2 (^)e m ' a )- = -L(-l)e ma , 

z 

N N ^ N 

(Y 3 (u, z) m p E ps (-l))- = -L(-l) m p E ps (-l) + — ^ rn p E ps (-l) 
p=i p=i p=i 

which after assembling all the terms yields (|2.28| ), provided P = 2 \- 

Finally, the field Y(u, z) satisfies the Virasoro commutation relations by 
definition, with the proviso Cyir = rank(L). 



5 Modules for toroidal VOAs 

In § a family of irreducible jj-modules was constructed. In this section we 
will identify these modules as irreducible modules for the toroidal VOAs, 
thus giving their explicit realizations. 

We begin by recalling the construction of the g T modules from . Fix as 
before a non-zero complex number c. The input data for building the module 
consists of a finite-dimensional irreducible g-module V, a finite-dimensional 
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irreducible s^-module W and a complex number c 3 . The pair (W,c 3 ) actu- 
ally defines a gl Ar-module structure on the space W by letting the identity 
matrix act as multiplication by C3. 

The toroidal Lie algebra q = q®1Z®K,®T>* has a Z-grading by degree 
in the variable t . We also consider a decomposition q = 0- ffi flo © 0+ 
associated with this grading. The subalgebra g is spanned by the ele- 
ments {g © t m , t m k , t m k s , t m d s \m e Z n , g e Q, s = 1, . . . , N}. We begin by 
constructing a 0o- m odule T from the input data: 

T = V ®C[Lat + }®W. (5.1) 

The action of go on T is given by the formulas (see 0): 

g © t m (v © e ra © w) =((/«) © e (m+r) - a © iu, (5.2) 
t m A; (v © e ra © w) =cv © e (m+r) - a © 10 , (5.3) 

t m k s (v © e ra © w) =0, (5.4) 

v 

t m d s (v © e r ' a © w) =r s v © e (m+r) ' a © w + ^ m p v ® e (m+r) ' a © £ ps w, 

P =i 

(5.5) 

Next we let g + act trivially on T and we build the induced module 

U = lndl 0(Bs+ (T). (5.6) 

The module U inherits a natural Z Ar+1 -grading from g. We point out that 
the Z JV+1 -homogeneous components of U lying below the top T are infinite- 
dimensional. The module U has a unique maximal homogeneous submodule 
£/ ra d intersecting T trivially. The factor-module 

U = U(c,V,W,c 3 ) = U/U Iad (5.7) 

is a graded simple module (every Z^^-graded submodule is trivial). Apply- 
ing Theorem 1.12 of [|], we get that the homogeneous components of U are 
finite-dimensional . 

Now we will use the same input data to construct a module for the toroidal 
VOA V CjCljC2 , where c is as above and c\,C2 are related to the cocycle r 

by /J, — - =£L , v = — — — . We also impose additional restrictions, namely 
c 7^ — /i v ,Ci 7^ — N. The toroidal VOA V CjCljC2 is a tensor product of three 
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VOAs: V C>C1>C2 = V> c © V£ at ® V^j 1)C2 . We will construct a VOA module by 
taking a tensor product of modules for each factor: 

M~ ,> © © M~, w (5.8) 

We view V£^ t as a module over itself. Let us briefly describe Mr c y and 

^flZjV,ci,c 2 ,c 3 ,W 

Extend the action of g on V to an action of q © C[to] © C/co by letting 
0©toC[to] act on V trivially and letting k act as multiplication by c. Consider 
the induced g-module: 

M lc y = Ind| 0C[to]eCfco (T>) (5.9) 

and its irreducible factor M-> c y . The g-module c y is also an irreducible 
VOA module for affine VOA ' V> . 

The construction for M~, „, is analogous, but we should also take 

gl N ,ci,C2,C3,W o ) 

into account the Heisenberg part. Recall that V-, is itself a tensor 
product of two VOAs: V-% „ „ = Vr, „ (8>Vffei£»- The module M~, „ „ „ w 

^ 9'jv> c i> c 2 s(jv,ci riei,C2 gl N ,C!,C2,c 3 ,W 

that we are going to introduce will be a tensor product of a module Cl w 
for V~ ZjVjCi and a module M Hei ^ C3 for V He i,c 2 - Tne construction for M-^ ^ ^ 
is completely parallel to the one we used above for c y . Let us describe 
the Heisenberg VOA module Mjj eijC2!C3 . 

We take a one-dimensional space Cl and make it into a module for / <g> 
C[t ] © CC 2 by II = c 3 l, C 2 1 = c 2 l, J © * C[t ]l = 0. The induced module 

I n d/c3C[to]ecc2 (5.10) 

is an irreducible module over the Heisenberg algebra and will be denoted 
by MHei,c 2 ,c 3 , unless c 2 = 0, in which case we set MH e i,o,c 3 to be the one- 
dimensional factor Cl of the induced module. The module M HeijC2 ^ C3 is an 
irreducible module for the Heisenberg VOA V He i, C 2 an d 

M~. M/ = M~, M/ ® M^ei C9 c, (5.11) 

ffZjV,ci,C2,C3,W sl N ,c\,W ^ tiei,c 2 ,c 3 v 7 

is an irreducible VOA module for V~, „ „ . Finally, 

M — M r r r r v -w — Mr: ,> © V+ © M-> w (5.12) 

is an irreducible module for the toroidal VOA K jCljC2 . 

Now we are ready to state the main result of this section: 
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Theorem 5.1 Let c, Ci, 02,03 be complex numbers such that c ^ 0, c ^ 
—h v ,ci 7^ — N. Let V be an irreducible Q-module and W be an irreducible 
six-module. 

(1) the module M CCl y W is a module for the toroidal Lie algebra g T , 

£1 _ c 2 

t = \lt\ + vr 2 , where \i = ^ zSL , v = N . 

(2) M c C1 C2 C3 y w is irreducible as a Q T -module. 

(3) M c, Cl ,c 2 ,c 3 ,v,w = U ( c , V, W, c 3 ) as g T -modules. 

Proof. The module M = M c C2 C3 v w is a module for the toroidal VOA 



V = V C)Clfi2 . Under the correspondence (|4.1|) - (|4.7|) the commutator relations 
(glSD - jgSSD of g hold in V. Thus, by preservation of identities in VOA 



modules(see Lemma 2.3.5), the same relations hold in M, which proves 
that M is a r -module. 

The module M is an irreducible module for the toroidal VOA V. In order 
to show that it is also irreducible as a g-module, it is enough to show that V 
is generated VOA by the set 

r N 

S = g(-l)e m a , e ma , a,(-l)e m - a ,6,(-l)e m - a + ^ m p E pj (-l)e m - a 
^ P =i 

geQ,meZ N ,j = l,... ,ivj (5.13) 
which corresponds to fl4.1|) -(P|). Once this is established, every g-invariant 



subspace in a VOA module is ^/-invariant, since, by the associativity property 
of VOAs every concatenation of n-th products may be expressed through the 
composition of operators from g. Thus irreducibility with respect to V will 
imply irreducibility with respect to q. 

It is sufficient to show that the set S generates each of the factors V> ® 
1 ® 1, 1(g) V^ at (g 1 and 1 (g) 1 <g V^j C1 C2 - To get the first factor, we note that 
gr(— 1) G 5 for all g G g. The VOA V^ c is spanned by the elements 

gi(-ni) . . .g k (-n k )l, g { G Q, h { G N. (5.14) 

However, since 

01 (-ni) . . . gk(-n k )l = #i(-l)(_ m ) (. . . (# fe (-l) ( _ nfc) l) . . . ) , (5.15) 

we get that S generates V> c <g 1 <g 1. Since %•(— 1), &?(— 1), e ma G 5, we also 
get ligV^tgl by a similar argument. In particular we see that bj(— l)e m ' a is 
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in the space generated by S for any m e Z . Choosing m with m p = Sk p , p = 
1, . . . , AT, we get that both l)e afc and 6 j (-l)e afe + E kj (-l)e ak are in the 
space generated by S, and so is l)e ak . Finally (Ekj(— l)e afc )(_i)e~ afc = 

Ekj{— 1), and hence we can generate 1 ® 1 ® Ci C2 as well. This completes 
the proof of part (2) of the theorem. 

To prove (3) we note that M CCiC2C3 y W has a natural Z-grading corre- 
sponding to the degree in the to-variable and moreover its zero component 
M = V(&C[Lat + ] ®W is isomorphic to T. One can easily see that the action 
of go on M coincides with ( |5.2| )-( p75| ). Thus M is a homomorphic image of 
U. However, since the Z Ar+1 -gradings on both modules are compatible, and 
U is graded simple, we get an isomorphism M = U. This also proves that 
for c 7^ — /i v , // iV + 1, U is a simple module and not just graded simple. 
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